
Language: Russian

Day: 1

�â®à­¨ª, 10 ¨î«ï 2012 £.

� ¤ ç  1. � ­ âà¥ã£®«ì­¨ª ABC; â®çª  J ï¢«ï¥âáï æ¥­âà®¬ ¢­¥¢¯¨á ­­®© ®ªàã¦­®áâ¨, á®-
®â¢¥âáâ¢ãîé¥© ¢¥àè¨­¥ A. �â  ¢­¥¢¯¨á ­­ ï ®ªàã¦­®áâì ª á ¥âáï ®âà¥§ª  BC ¢ â®çª¥ M ,  
¯àï¬ëå AB ¨ AC | ¢ â®çª å K ¨ L á®®â¢¥âáâ¢¥­­®. �àï¬ë¥ LM ¨ BJ ¯¥à¥á¥ª îâáï ¢ â®çª¥
F ,   ¯àï¬ë¥ KM ¨ CJ ¯¥à¥á¥ª îâáï ¢ â®çª¥ G. �ãáâì S | â®çª  ¯¥à¥á¥ç¥­¨ï ¯àï¬ëå AF ¨
BC,   T | â®çª  ¯¥à¥á¥ç¥­¨ï ¯àï¬ëå AG ¨ BC.

�®ª ¦¨â¥, çâ® â®çª  M ï¢«ï¥âáï á¥à¥¤¨­®© ®âà¥§ª  ST .

(�­¥¢¯¨á ­­®© ®ªàã¦­®áâìî âà¥ã£®«ì­¨ª  ABC, á®®â¢¥âáâ¢ãîé¥© ¢¥àè¨­¥ A, ­ §ë¢ ¥âáï
®ªàã¦­®áâì, ª á îé ïáï áâ®à®­ë BC ¨ ¯à®¤®«¦¥­¨© áâ®à®­ AB ¨ AC.)

� ¤ ç  2. � ­® æ¥«®¥ ç¨á«® n ≥ 3 ¨ ¤¥©áâ¢¨â¥«ì­ë¥ ¯®«®¦¨â¥«ì­ë¥ ç¨á«  a2, a3, . . . , an
â ª¨¥, çâ® a2a3 . . . an = 1. �®ª ¦¨â¥, çâ®

(1 + a2)
2(1 + a3)

3 . . . (1 + an)
n > nn.

� ¤ ç  3. �¢  ¨£à®ª  A ¨ B ¨£à îâ ¢ ¨£àã �£ ¤ ©-ª . �à ¢¨«  íâ®© ¨£àë § ¢¨áïâ ®â ¤¢ãå
¯®«®¦¨â¥«ì­ëå æ¥«ëå ç¨á¥« k ¨ n, ¨ íâ¨ ç¨á«  ¨§¢¥áâ­ë ®¡®¨¬ ¨£à®ª ¬.

� ­ ç «¥ ¨£àë A ¢ë¡¨à ¥â æ¥«ë¥ ç¨á«  x ¨ N â ª¨¥, çâ® 1 ≤ x ≤ N . �£à®ª A ¤¥à¦¨â
ç¨á«® x ¢ á¥ªà¥â¥,   ç¨á«® N ç¥áâ­® á®®¡é ¥â ¨£à®ªã B. �®á«¥ íâ®£® ¨£à®ª B ¯ëâ ¥âáï ¯®-
«ãç¨âì ¨­ä®à¬ æ¨î ® ç¨á«¥ x, § ¤ ¢ ï ¨£à®ªã A ¢®¯à®áë á«¥¤ãîé¥£® â¨¯ : §  ®¤¨­ ¢®¯à®á
B ãª §ë¢ ¥â ¯® á¢®¥¬ã ãá¬®âà¥­¨î ¬­®¦¥áâ¢® S, á®áâ®ïé¥¥ ¨§ æ¥«ëå ¯®«®¦¨â¥«ì­ëå ç¨á¥«
(¢®§¬®¦­®, íâ® ¬­®¦¥áâ¢® ã¦¥ ¡ë«® ãª § ­® ¢ ®¤­®¬ ¨§ ¯à¥¤ë¤ãé¨å ¢®¯à®á®¢) ¨ á¯à è¨¢ ¥â
¨£à®ª  A ¯à¨­ ¤«¥¦¨â «¨ ç¨á«® x ¬­®¦¥áâ¢ã S. �£à®ª B ¬®¦¥â § ¤ âì áâ®«ìª® ¢®¯à®á®¢,
áª®«ìª® ®­ å®ç¥â. �  ª ¦¤ë© ¢®¯à®á ¨£à®ª  B ¨£à®ª A ¤®«¦¥­ áà §ã ®â¢¥â¨âì ¤  ¨«¨ ­¥â,
¯à¨ íâ®¬ ¥¬ã à §à¥è ¥âáï á®¢à âì áâ®«ìª® à §, áª®«ìª® ®­ å®ç¥â; ¥¤¨­áâ¢¥­­®¥ ®£à ­¨ç¥­¨¥
á®áâ®¨â ¢ â®¬, çâ® ¨§ «î¡ëå k + 1 ¯®¤àï¤ ¨¤ãé¨å ®â¢¥â®¢ å®âï ¡ë ®¤¨­ ®â¢¥â ¤®«¦¥­ ¡ëâì
¯à ¢¤¨¢ë¬.

�®á«¥ â®£®, ª ª B § ¤ áâ áâ®«ìª® ¢®¯à®á®¢, áª®«ìª® ®­ á®çâ¥â ­ã¦­ë¬, ®­ ¤®«¦¥­ ãª -
§ âì ¬­®¦¥áâ¢® X, á®¤¥à¦ é¥¥ ­¥ ¡®«¥¥ n æ¥«ëå ¯®«®¦¨â¥«ì­ëå ç¨á¥«. �á«¨ x ¯à¨­ ¤«¥¦¨â
¬­®¦¥áâ¢ã X, â® ¨£à®ª B ¢ë¨£à «; ¨­ ç¥ B ¯à®¨£à «. �®ª ¦¨â¥, çâ®:

1. �á«¨ n ≥ 2k, â® B ¬®¦¥â £ à ­â¨à®¢ âì á¥¡¥ ¢ë¨£àëè.

2. �«ï ¢áïª®£® ¤®áâ â®ç­® ¡®«ìè®£® k ­ ©¤¥âáï æ¥«®¥ ç¨á«® n ≥ 1, 99k, ¯à¨ ª®â®à®¬ ¨£à®ª
B ­¥ á¬®¦¥â £ à ­â¨à®¢ âì á¥¡¥ ¢ë¨£àëè.

Language: Russian �à¥¬ï à ¡®âë: 4 ç á  30 ¬¨­ãâ
� ¦¤ ï § ¤ ç  ®æ¥­¨¢ ¥âáï ¢ 7 ¡ ««®¢



Language: Russian

Day: 2

�à¥¤ , 11 ¨î«ï 2012 £.

� ¤ ç  4. � ©¤¨â¥ ¢á¥ äã­ªæ¨¨ f : Z → Z â ª¨¥, çâ® ¤«ï «î¡ëå æ¥«ëå ç¨á¥« a, b, c, ã¤®¢-
«¥â¢®àïîé¨å ãá«®¢¨î a+ b+ c = 0, ¢ë¯®«­ï¥âáï à ¢¥­áâ¢®:

f(a)2 + f(b)2 + f(c)2 = 2f(a)f(b) + 2f(b)f(c) + 2f(c)f(a).

(�¥à¥§ Z ®¡®§­ ç¥­® ¬­®¦¥áâ¢® ¢á¥å æ¥«ëå ç¨á¥«.)

� ¤ ç  5. �ãáâì ABC | âà¥ã£®«ì­¨ª, ¢ ª®â®à®¬ ∠BCA = 90◦, ¨ ¯ãáâì D | ®á­®¢ ­¨¥
¢ëá®âë, ¯à®¢¥¤¥­­®© ¨§ ¢¥àè¨­ë C. �­ãâà¨ ®âà¥§ª  CD ¢§ïâ  â®çª  X. �ãáâì K | â®çª ,
«¥¦ é ï ­  ®âà¥§ª¥ AX â ª ï, çâ® BK = BC. �­ «®£¨ç­®, ¯ãáâì L | â®çª , «¥¦ é ï ­ 
®âà¥§ª¥ BX â ª ï, çâ® AL = AC. �ãáâì M | â®çª  ¯¥à¥á¥ç¥­¨ï ®âà¥§ª®¢ AL ¨ BK.

�®ª ¦¨â¥, çâ® MK = ML.

� ¤ ç  6. � ©¤¨â¥ ¢á¥ æ¥«ë¥ ¯®«®¦¨â¥«ì­ë¥ ç¨á«  n, ¤«ï ª®â®àëå áãé¥áâ¢ãîâ æ¥«ë¥ ­¥®â-
à¨æ â¥«ì­ë¥ ç¨á«  a1, a2, . . . , an â ª¨¥, çâ®

1

2a1
+

1

2a2
+ · · ·+ 1

2an
=

1

3a1
+

2

3a2
+ · · ·+ n

3an
= 1.

Language: Russian �à¥¬ï à ¡®âë: 4 ç á  30 ¬¨­ãâ
� ¦¤ ï § ¤ ç  ®æ¥­¨¢ ¥âáï ¢ 7 ¡ ««®¢


